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Motivation

The concept of derivation was introduced by Posner on ring
theory in 1957 as an additive map that satisfy the Leibniz’s
formula.
K. Kaya (1987) and H.E. Bell et al. (1989) have studied
derivations in rings and prime rings.
Szasz (1975) have introduced and developed the theory of
derivations in lattice structure.
L. Ferrari (2001) extended these concepts to lattices and he
embedded any lattice having some additional properties into
the lattice of its derivations.
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Aim of the paper

§ The main goal of this paper is to revisit the concept of
derivation on hyperlattices.

§ In 2016 Wang et al.[7] introduced the notion of derivation
on hypertreillis as being for a hypertreillis L a map d from L
to L such that (i) dpx ^ yq P pdpxq^ yq_ px ^dpyqq and (ii)
pdpx _ yq Ď dpxq_dpyq, thus forcing any derivation to be
isotone;

§ In 2018, Ozbal et al. [6] defined a derivation on
hypertreillis as being for a hypertreillis L a map d from L to
L which only satisfies the first condition.

§ We keep here the definition of Ozbal[6] and we introduce
the notion of joinitive derivation or sup-derivation, then we
establish some properties of these notions as well as the
relations between them.
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Hyperlattice, Konstantinidou and Mittas, 1977

Let L be a non-empty set with _ : L ˆ L ÝÑ PpLqztHu a
hyperoperation and ^ : L ˆ L ÝÑ L an operation.
Then L“ pL ,_,^q is a hyperlattice if the following conditions
are satisfy. For all a ,b ,c P L

(hl1) a ^ b “ b ^a ; a _ b “ b _a .

(hl2) a P a _a ; a “ a ^a .

(hl3) a P ra _pa ^ bqsX ra ^pa _ bqs .

(hl4) pa ^ bq^ c “ a ^pb ^ cq ; pa _ bq_ c “ a _pb _ cq .

(hl5) a P a _ b ñ b “ a ^ b .
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(hl3) a P ra _pa ^ bqsX ra ^pa _ bqs .

(hl4) pa ^ bq^ c “ a ^pb ^ cq ; pa _ bq_ c “ a _pb _ cq .

(hl5) a P a _ b ñ b “ a ^ b .

Where, for all non-empty subsets A and B of L and a P L ,

A ^B “ tb ^ c ,b P A ,c P Bu, A _B “
Ť

tb _ c ,b P A ,c P Bu,
a _B “: tau_B , a ^B “: tau^B .
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Hyperlattice, Konstantinidou and Mittas, 1977

Let L“ pL ,_,^q be a hyperlattice,
§ condition phl5q is an equivalence and it induces an order

relation ď on L define by a ď b ô a “ a ^ b ô b P a _ b .

§ L is called a bounded hyperlattice, when there exist a
bottom 0 and a top 1.

§ an element b P L is called a complement of a P L if
a ^ b “ 0 and 1 P a _ b .

§ An element a P L is called a scalar element if for all x P L ,
the set a _ x has only one element.
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Hyperlattice, Konstantinidou and Mittas, 1977

Let L“ pL ,_,^q be a hyperlattice,
§ L is called a distributive hyperlattice if

a ^pb _ cq “ pa ^ bq_ pa ^ cq holds for every a ,b ,c P L .

§ L is called a s-distributive if for any a ,b ,c P L ,
a _pb ^ cq “ pa _ bq^ pa _ cq.

§ L is said to be 2-torsion free, if for any x P L , 0 P x _ x
implies x “ 0.
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Examples of hyperlattice

(1) Considering the set of natural numbers N with the meet ^
and the hyperoperation _ defined by: for all x ,y PN,
x ^ y :“mintx ,yu and x _ y :“ tm PN,m ěmaxtx ,yuu.
Then pN,_,^q is a non-distributive hyperlattice, with
bottom element, but no top element.

(2) (Nakano Hyperlattice, see [1]) Consider a lattice pL ,_,^q,
the Nakano hyperoperation \ is define on L by
x \ y “ tz P L ; x _ y “ x _ z “ y _ zu, for all x , y P L .
Therefore, pL ,\,^q is a hyperlattice, which is distributive
when pL ,_,^q is distributive.
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Ideals and Filters of hyperlattices

Let L“ pL ,_,^q be a hyperlattice, A non-empty subset I of L
is called an ideal of L if for all a ,b P L ,

(HI1) a ,b P I implies a _ b Ď I .

(HI2) If a P I and b ď a , then b P I .

Moreover, a proper ideal I of L (i.e., I ‰ L ) is called a prime

ideal of L if a ^ b P I implies a P I or b P I for all a ,b P L .
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Ideals and Filters of hyperlattices

Let L“ pL ,_,^q be a hyperlattice, A nonempty subset F of L
is called a filter of L if for all a ,b P L ,

(HF1) a ,b P F implies a ^ b P F .

(HF2) if a P F and a ď b , then b P F .

A proper filter F of L (i.e., F ‰ L ) is called a prime filter of L if
a ,b P L and pa _ bqX F ‰H implies a P F or b P F .
Let IpLq and FpLq be respectively the set of all ideals and the
set of all filters of the hyperlattice L.
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Ideals and Filters of hyperlattices
(1) When L is a bounded hyperlattice, with bottom element 0

and unit element 1, every ideal I of L contains 0 and every
filter F of L contains 1. But t0u is not always an ideal of L.

(2) If L is a distributive hyperlattice, then t0u is always an
ideal of L and for all a P L , pas :“ tx P L | x ď au is an ideal
of L.

(3) A non-empty intersection of ideals (respectively filters) of
a bounded hyperlattice L is an ideal (respectively a filter)
of L.

(4) Given a proper ideal I (respectively a proper filter F) of a
hyperlattice L, LzI (respectively LzF ) is not necessarily a
filter (respectively an ideal) of L.

(5) Let I and F be respectively a proper ideal and a proper
filter of L. I is a prime ideal of L if and only if LzI is a prime
filter of L.
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ideal generated, see Koguep et al. [3]

a simple characterization of the ideal generated by a subset in
distributive hyperlattices.

Proposition
Let X be a nonempty subset of a distributive hyperlattice L.
Then

xXy “ tx : x P pa1s_pa2s_..._pans, for somea1, ...,an P X and n ě 1u

.
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Proposition
Let X be a nonempty subset of a distributive hyperlattice L.
Then

xXy “ tx : x P pa1s_pa2s_..._pans, for somea1, ...,an P X and n ě 1u

.

Corollary
Let I be an ideal of a distributive hyperlattice L and a P L, then

xI Ytauy “ tx P L : x P α_ β for some α P I ;β ď au “ I _pas
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Homomorphism of hyperlattices

The concept of homomorphism between hyperlattices have
been expressed in terms of set-inclusion and of equalities, see
[4], [5], [1].

Definition
Let L and L1 be two hyperlattices and f : L ÝÑ L 1 be a mapping.

(1) f is said to be a hyperlattice homomorphism if
fpx ^ yq “ fpxq^ fpyq and fpx _ yq Ď fpxq_ fpyq for all
x ,y P L .

(2) f is said to be a strong homomorphism of a hyperlattice,
if fpx ^ yq “ fpxq^ fpyq and fpx _ yq “ fpxq_ fpyq for all
x ,y P L .

.
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x ,y P L .

(2) f is said to be a strong homomorphism of a hyperlattice,
if fpx ^ yq “ fpxq^ fpyq and fpx _ yq “ fpxq_ fpyq for all
x ,y P L .

If f is a bijection hyperlattice homomorphism (strong
homomorphism), then f is said to be a hyperlattice

isomorphism (strong isomorphism).
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Derivation on hyperlattices
Definition
Let L“ pL ,_,^q be a hyperlattice. A map d : L ÝÑ L is called a
derivation on L if for all x ,y P L, d satisfies :

dpx ^ yq P pdpxq^ yq_ px ^dpyqq.

Furthermore, a derivation d on a hyperlattice L is said to be:

(1) Isotone, if x ď y implies dpxq ď dpyq, for all x ,y P L.

(2) Contractive, if dpxq ď x, for any x P L.

(3) Extensive, if x ď dpxq, for any x P L.

(4) Joinitive, if for all x ,y P L, dpx _ yq Ď dpxq_dpyq.

(5) Strong-joinitive, if for all x ,y P L, dpx _ yq “ dpxq_dpyq.

(6) Principal derivation, if there exist a P L, such that
dpxq “ x ^a, for x P L and d will be denoted da .

(7) Prime derivation, if the kerpdq :“ tx P L ; dpxq “ 0u is a
prime ideal of L.
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Examples of derivations on hyperlattices (1)

Let L be a hyperlattice.

(1) If there is a least element 0 in L, then and d : L ÝÑ L a
map such that dpxq “ 0, for all x P L is a derivation on L,
called a trivial derivation and it is isotone, contractive,
non-extensive and joinitive.

(2) The identity function, dpxq “ x , for every x P L is a
derivation on L called the identity derivation and it is
contractive, extensive, isotone and strong-joinitive.
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Examples of derivations on hyperlattices (2)

Example 2:

Considering L “ t0,a ,b ,c ,1u with the meet ^ and the
hyperoperation _. We have the Cayley tables of ^ and _ below
with the following maps defined as follows:

^ 0 a b c 1
0 0 0 0 0 0
a 0 a a a a
b 0 a b a b
c 0 a a c c
1 0 a b c 1

_ 0 a b c 1
0 {0} {a} {b} {c} {1}
a {a} {0,a} {0,b} {0,c} {0,1}
b {b} {0,b} {0,a,b} {0,1} {0,c,1}
c {c} {0,c} {0,1} {0,a,c} {0,b,1}
1 {1} {0,1} {0,c,1} {0,b,1} L

Table: Table of an example of a distributive hyperlattice.

Then, L2 “ pL ,_,^q is a distributive bounded hyperlattice.
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Examples of derivations on hyperlattices (2)

Example 2:

L2 “ pL ,_,^q is a distributive bounded hyperlattice. Consider
the following maps:
d1 : L ÝÑ L by d1paq “ a , d1pbq “ b , d1p0q “ d1pcq “ d1p1q “ 0;
d1 is a contractive derivation, but not isotone, not extensive,
not joinitive
d2 : L ÝÑ L by d2p0q “ 0, d2paq “ d2pbq “ d2pcq “ d2p1q “ a ;
d2 is isotone, contractive, joinitive and strong-joinitive.

15/22



Examples of derivations on hyperlattices (3)

Example 3:

Considering the set of natural numbers N with the meet ^ and
the hyperoperation _ defined as: for all x ,y PN,
x ^ y :“mintx ,yu and x _ y :“ tm PN,m ěmaxtx ,yuu. Let
a PN and consider the map define on N by d :NÝÑN such
that :

dpxq “

#

a , x ď a

x , if not
Then d is an isotone, non-contractive, extensive and
strong-joinitive derivation on the non-distributive hyperlattice
pN,_,^q.
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Derivation on distributive Hyperlattices

Let L be a distributive hyperlattice and d a derivation on L.
Then the following assertions holds.

(1) d is contractive.

(2) If L admits a greatest element 1 and dp1q “ 1, then d is
the identity derivation on L.

(3) If L admits a greatest element 1, then every isotone
derivation d on L is strong-joinitive.

(4) If I is an ideal of L, then d(Iq Ď I ;

(5) d 2 “ d ;

(6) For all x ,y P L , if y ď x and dpxq “ x , then dpyq “ y .
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Principal Derivation on Hyperlattices

Let L be a hyperlattice with top element 1 and d be a
derivation on L. Then the following conditions are equivalent :

(1) d is an isotone and contractive derivation;

(2) d is principal (dpxq “ x ^dp1q);

(3) dpx ^ yq “ x ^dpyq “ y ^dpxq, for all x ,y P L .
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Principal Derivation on Hyperlattices

Let DpLq :“ tda |a P Lu be the set of all principal derivations on
a bounded hyperlattice L.
Recall that, for all a ,b P L , da “ db ô a “ b and da ď db ô

a ď b , where da ď db means dapxq ď db pxq, for all x P L .
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Principal Derivation on Hyperlattices

Consider on DpLq the operation [ and the hyperoperation \
define by:

\ : DpLqˆDpLq ÝÑ PpDpLqq´H
pda ,db q ÞÑ da \db “ tdα : α P a _ bu.

and

[ : DpLqˆDpLq ÝÑ DpLq
pda ,db q ÞÑ da [db “ da^b

Denote ODpLq and 1DpLq respectively the trivial derivation and
the identity derivation on L.
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Principal Derivation on Hyperlattices

pDpLq,\,[,0DpLq,1DpLqq is a bounded hyperlattice.
Furthermore, pDpLq,\,[q is distributive if and only if L is
distributive
and
pDpLq,\,[,0DpLq,1DpLqq is strong-isomorphic to
L“ pL ,_,^,0,1q with the strong-isomorphism given by

ϕ : L ÝÑ DpLq
a ÞÑ ϕpaq “ da
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Fixed of Derivations on Hyperlattices

Let d be a derivation on a hyperlattice L. We denote by F ixd pLq
the set of all elements of L fixed by d , i.e.,
F ixd pLq :“ tx P L |dpxq “ xu. We have the following :

(1) For any a P L , for the the principal derivation da , we have
Fixda

pLq “ pas.

(2) If d is contractive, then Fixd pLq is ^-closed and
Fixd pLq “ Impdq.

(3) If L is bounded distributive hyperlattice and d is a
strong-joinitive derivation on L , then F ixd pLq is an ideal of
L .

(4) Let I be a prime ideal of L. Then, there exist a derivation d
on L such that Fixd pLq “ I .
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(3) If L is bounded distributive hyperlattice and d is a
strong-joinitive derivation on L , then F ixd pLq is an ideal of
L .

(4) Let I be a prime ideal of L. Then, there exist a derivation d
on L such that Fixd pLq “ I .

Consider for any a P I , the map d : L ÝÑ L such that for all

x P L dpxq “

#

x , x P I

x ^a , x P L ´ I

20/22



Conclusion

In this work, we have redefined the notion of derivations on
hyperlattices, investigated their properties and studied the
relation between isotone, joinitive and contractive derivations.
We have also investigated the algebraic structure of the set of
principal derivations.
we discuss the relationship between prime ideals and
derivations in hyperlattice.
As futur work, we will look if its possible to characterize the
distributivity by derivation as it was done by Ferrari [2]
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