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Motivation

The concept of derivation was introduced by Posner on ring
theory in 1957 as an additive map that satisfy the Leibniz’s
formula.

K. Kaya (1987) and H.E. Bell et al. (1989) have studied
derivations in rings and prime rings.

Szasz (1975) have introduced and developed the theory of
derivations in lattice structure.

L. Ferrari (2001) extended these concepts to lattices and he
embedded any lattice having some additional properties into
the lattice of its derivations.
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» The main goal of this paper is to revisit the concept of
derivation on hyperlattices.

» In 2016 Wang et al.[7] introduced the notion of derivation
on hypertreillis as being for a hypertreillis L a map d from L
toLsuchthat (i) d(x A y) e (d(x)Ay) v (xad(y)) and (i)
(d(xvy)< d(x)vd(y),thus forcing any derivation to be
isotone;

» In 2018, Ozbal et al. [6] defined a derivation on
hypertreillis as being for a hypertreillis L a map d from L to
L which only satisfies the first condition.

» We keep here the definition of Ozbal[6] and we introduce
the notion of joinitive derivation or sup-derivation, then we
establish some properties of these notions as well as the
relations between them.
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Hyperlattice, Konstantinidou and Mittas, 1977

Let L be a non-empty set with v : L x L — P(L)\{J} a
hyperoperation and A : L x L — L an operation.

Then £ = (L, v, A) is a hyperlattice if the following conditions
are satisfy. Forall a,b,ce L

(hll) anb=bnra;avb=bva.
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Hyperlattice, Konstantinidou and Mittas, 1977

Let L be a non-empty set with v : L x L — P(L)\{J} a
hyperoperation and A : L x L — L an operation.

Then £ = (L, v, A) is a hyperlattice if the following conditions
are satisfy. Forall a,b,ce L

(hll) anb=bnra;avb=bva.

(hlZ) acava;a=ana.

(h13) aelav(aanb)]nfan(avb)].

(ht4) (anb)ac=an(barc);(avb)vc=av(bvc).
(hl5) acavb=b=anb.

Where, for all non-empty subsets A and Bof L andac€lL,

AnB={bnarcbeA,ceB}, AvB=|J{bvcbeA ceBj},
avB=:{a}vB, ansnB=:{a}AB.
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Hyperlattice, Konstantinidou and Mittas, 1977

Let £ = (L, v, A) be a hyperlattice,
» condition (h!5) is an equivalence and it induces an order
relation < on L definebya<b<a=aanb<beavb.
» L is called a bounded hyperlattice, when there exist a
bottom 0 and a top 1.

» an element b e L is called a complementof a e L if
anb=0andleavb.

» An element a € L is called a scalar elementif forall xe L,

the set a v x has only one element.
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Hyperlattice, Konstantinidou and Mittas, 1977

Let £ = (L, v, A) be a hyperlattice,
» L is called a distributive hyperlattice if

an(bvec)=(anb)v(anc)holdsforeverya,b,cel.

» L is called a s-distributive if for any a,b,ce L,
av(bac)=(avb)a(avc).

» L is said to be 2-torsion free, if forany xe L, 0 € x v x
implies x = 0.
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Examples of hyperlattice

(1) Considering the set of natural numbers IN with the meet A
and the hyperoperation v defined by: for all x,y € IN,
x Ay :=min{x,y}and x vy :={meIN,m = max{x,y}}.
Then (N, v, A) is a non-distributive hyperlattice, with
bottom element, but no top element.
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Examples of hyperlattice

(1)

Considering the set of natural numbers IN with the meet A
and the hyperoperation v defined by: for all x,y € IN,

x Ay :=min{x,y}and x vy :={meIN,m = max{x,y}}.
Then (N, v, A) is a non-distributive hyperlattice, with
bottom element, but no top element.

(Nakano Hyperlattice, see [1]) Consider a lattice (L, v, A),
the Nakano hyperoperation v is define on L by
xuy={zel;xvy=xvz=yvz}forallx,yel.
Therefore, (L,u, A) is a hyperlattice, which is distributive
when (L, v, A) is distributive.
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Ideals and Filters of hyperlattices

Let £ = (L, v, A) be a hyperlattice, A non-empty subset [ of L
is called anideal of L ifforalla,be L,

(HI1) a,belimpliesav bc .
(HI2) faelandb < a,thenbel.

Moreover, a proper ideal | of £ (i.e., | # L) is called a prime
idealof Lifanbelimpliesaelorbelforallabel.
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Ideals and Filters of hyperlattices

Let £L = (L, v, A) be a hyperlattice, A nonempty subset F of L
is called a filter of L ifforalla,be L,

(HF1) a,be Fimpliesa nbeF.
(HF2) ifae Fanda <b,thenbeF.

A proper filter F of L (i.e., F # L) is called a prime filter of L if
a,beland(avb)nF# JimpliesaeForbefF.

Let I(£) and F (L) be respectively the set of all ideals and the
set of all filters of the hyperlattice L.
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Ideals and Filters of hyperlattices

(1) When £ is a bounded hyperlattice, with bottom element O
and unit element 1, every ideal | of £ contains 0 and every
filter F of £ contains 1. But {0} is not always an ideal of L.
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Ideals and Filters of hyperlattices

(1)

(2)

When L is a bounded hyperlattice, with bottom element 0
and unit element 1, every ideal | of £ contains 0 and every
filter F of £ contains 1. But {0} is not always an ideal of L.

If £ is a distributive hyperlattice, then {0} is always an
idealof Landforallael, (a|:={xel |x<a}isanideal
of L.

A non-empty intersection of ideals (respectively filters) of
a bounded hyperlattice £ is an ideal (respectively a filter)
of L.

Given a proper ideal | (respectively a proper filter F) of a
hyperlattice £, L\/ (respectively L\F) is not necessarily a
filter (respectively an ideal) of L.

Let | and F be respectively a proper ideal and a proper
filter of L. | is a prime ideal of £ if and only if L\/ is a prime
filter of L.
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ideal generated, see Koguep et al. [3]

a simple characterization of the ideal generated by a subset in
distributive hyperlattices.

Proposition

Let X be a nonempty subset of a distributive hyperlattice L.
Then

(X)={x:x€e(ai]v(az]v..v(a,], for someay,...,a, € X andn > 1}
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a simple characterization of the ideal generated by a subset in
distributive hyperlattices.

Proposition

Let X be a nonempty subset of a distributive hyperlattice L.
Then

(X)={x:xe(ai]v(az]v..v(a,], for someay,..,a, € X andn > 1}

Corollary
Let | be an ideal of a distributive hyperlattice L and a € L, then

{du{a})y={xel:xeav pforsomeacl;p<a}l=1v(a]
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Homomorphism of hyperlattices

The concept of homomorphism between hyperlattices have
been expressed in terms of set-inclusion and of equalities, see

(4], [5], [1].
Definition
Let £ and L' be two hyperlattices and f : L — L' be a mapping.
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Homomorphism of hyperlattices

The concept of homomorphism between hyperlattices have
been expressed in terms of set-inclusion and of equalities, see
(4], [5], [1]-

Definition

Let £ and L' be two hyperlattices and f : L — L' be a mapping.

(1) fis saidto be a hyperlattice homomorphism if
f(xny)="(x)Afly)andf(xvy)<f(x)vf(ly)forall
x,yel.

(2) fis said to be a strong homomorphism of a hyperlattice,
iff(x ny)="f(x)Afly)andf(xvy)="f(x)vf(y)forall
x,yel.

If f is a bijection hyperlattice homomorphism (strong
homomorphism), then f is said to be a hyperlattice
isomorphism (strong isomorphism).
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Derivation on hyperlattices
Definition
Let £L = (L, v, A) be a hyperlattice. Amapd: L — L is called a
derivation on L if for all x,y € L, d satisfies :

d(x ay)e(d(x) Ay) v (xAd(y)).
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Furthermore, a derivation d on a hyperlattice L is said to be:
1) Isotone, if x < y implies d(x) < d(y), forall x,y € L.

2) Contractive, if d(x) < x, forany x€ L.

(

(2)

(3) Extensive, if x < d(x), forany x € L.

(4) Joinitive, if forallx,ye L, d(x vy)< d(x) v d(y).
(5)

5) Strong-joinitive, if forall x,y € L, d(x v y)=d(x) v d(y).

13/22



Derivation on hyperlattices

Definition
Let £L = (L, v, A) be a hyperlattice. Amapd: L — L is called a
derivation on L if for all x,y € L, d satisfies :
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Furthermore, a derivation d on a hyperlattice L is said to be:

(1)

(
(
(
(
(

2
3
4
5
6

)
)
)
)
)

Isotone, if x < y implies d(x) < d(y), forall x,y € L.
Contractive, if d(x) < x, forany x € L.

Extensive, if x < d(x), forany x € L.

Joinitive, if forall x,y e L, d(x v y) < d(x) v d(y).
Strong-joinitive, if for all x,y € L, d(x v y) = d(x) v d(y).
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Derivation on hyperlattices

Definition
Let £L = (L, v, A) be a hyperlattice. Amapd: L — L is called a
derivation on L if for all x,y € L, d satisfies :

d(x ay)e(d(x) Ay) v (xAd(y)).

Furthermore, a derivation d on a hyperlattice L is said to be:

(1)
(2)
(3)
(4)
(5)
(6)

(7)

Isotone, if x < y implies d(x) < d(y), forall x,y € L.
Contractive, if d(x) < x, forany x € L.

Extensive, if x < d(x), forany x € L.

Joinitive, if forall x,y e L, d(x v y) < d(x) v d(y).
Strong-joinitive, if for all x,y € L, d(x v y) = d(x) v d(y).
Principal derivation, if there exist a € L, such that

d(x) = x n a, for x € L and d will be denoted d,.

Prime derivation, if the ker(d) .= {xe L; d(x) =0} isa
prime ideal of L.

13/22



Examples of derivations on hyperlattices (1)

Let £ be a hyperlattice.

(1) If thereis a least elementOin £,thenandd:L — L a
map such that d(x) =0, for all x € L is a derivation on L,
called a trivial derivation and it is isotone, contractive,
non-extensive and joinitive.
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Examples of derivations on hyperlattices (1)

Let £ be a hyperlattice.

(1) If thereis a least elementOin £,thenandd:L — L a
map such that d(x) =0, for all x € L is a derivation on L,
called a trivial derivation and it is isotone, contractive,
non-extensive and joinitive.

(2) The identity function, d(x) = x, for every x € L is a
derivation on L called the identity derivation and it is
contractive, extensive, isotone and strong-joinitive.
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Examples of derivations on hyperlattices (2)

Example 2:

Considering L = {0, a, b, c,1} with the meet A and the
hyperoperation v. We have the Cayley tables of A and v below

with the following maps defined as follows:

A|lO|la|lb|c|l v 0 a b c 1
0O|0|O0O|O|O]|O 0 | {0} {a} {b} {c} {1}
a|0O|la|ja|a]|a a | {a} | {0,a} {0,b} {0,c} {0,1}
b|O|a|b|a|b b | {b} | {O,b} | {0,ab} {0,1} {0,c,1}
c|O0Ofjalal|lc]|c c | {c} | {0} {0,1} {0,a,c} | {0,b,1}
T[0|a|b|c]|1 T [ (1] [ 101 | 0o1] | [0b1) C

Table: Table of an example of a distributive hyperlattice.

Then, £, = (L, v, /\) is a distributive bounded hyperlattice.
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Examples of derivations on hyperlattices (2)

Example 2:

L>=(L,v,A)is adistributive bounded hyperlattice. Consider
the following maps:

dy:L— Lbyd(a)=a,d(b)=b,di(0)=di(c)=ci(1)=0;
d; is a contractive derivation, but not isotone, not extensive,
not joinitive

dy: L —> L by d>(0) =0, dx(a) = d2(b) = d2(c) = da(1) = a;
d> is isotone, contractive, joinitive and strong-joinitive.
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Examples of derivations on hyperlattices (3)

Example 3:
Considering the set of natural numbers IN with the meet A and
the hyperoperation v defined as: for all x,y € N,
xAy:=min{x,y}and x vy :={meIN,m > max{x,y}}. Let
a € IN and consider the map define on IN by d : IN — IN such
that:
d(x) _ a, x<a

x, if not
Then

on the non-distributive hyperlattice

(N, v, A).
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Derivation on distributive Hyperlattices

Let £ be a distributive hyperlattice and d a derivation on L.
Then the following assertions holds.

(1) dis contractive.
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Derivation on distributive Hyperlattices

Let £ be a distributive hyperlattice and d a derivation on L.
Then the following assertions holds.

(1) dis contractive.

(2) If £ admits a greatest element 1 and d(1) = 1, then d is
the identity derivation on L.

(3) If £ admits a greatest element 1, then every isotone
derivation d on L is strong-joinitive.

(4) If l'is anideal of £, thend(l) < I;
(5) d°=d;
(6) Forallx,yelL,ify <xandd(x) =x,thend(y) =y.
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Principal Derivation on Hyperlattices

Let £ be a hyperlattice with top element 1 and d be a
derivation on L. Then the following conditions are equivalent :

(1) dis an isotone and contractive derivation;
(2) dis principal (d(x) = x A d(1));
(3) dixAy)=xnad(y)=yrd(x),forallx,yelL.
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Principal Derivation on Hyperlattices

Let D(L) := {d,|a € L} be the set of all principal derivations on
a bounded hyperlattice L.

Recall that, foralla,bel,d, =d, < a=bandd, <d, <

a < b, where d, < d, means d,(x) < dy(x), forall x € L.
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Principal Derivation on Hyperlattices

Consider on D(L£) the operation m and the hyperoperation L
define by:

L:D(L)yxD(L) — P(DKL))—-g
(dy,dp) +— dyudp={d,:acavb}.

and

m:D(L)xD(L) — D(L)
(da’db) = dy mdp =dyap

Denote Op () and 1p () respectively the trivial derivation and
the identity derivation on L.
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Principal Derivation on Hyperlattices

(D(£),1,m,0p(£), 1p(r)) is a bounded hyperlattice.
Furthermore, (D(L£), 1, M) is distributive if and only if £ is
distributive

and

(D(£),1,m,0p(£), 1p(r)) is strong-isomorphic to

L =(L,v,A,0,1) with the strong-isomorphism given by

p:L — D(L)

a — @a)=d,
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Fixed of Derivations on Hyperlattices

Let d be a derivation on a hyperlattice £. We denote by Fix4(L)
the set of all elements of L fixed by d, i.e.,
Fixg(L) :={x € L|d(x) = x}. We have the following :

(1) For any a € L, for the the principal derivation d, we have
Fixq, (L) = (a].
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Fixed of Derivations on Hyperlattices

Let d be a derivation on a hyperlattice £. We denote by Fixy(L)

the set of all elements of L fixed by d, i.e.,

Fixq4(L) := {x € L|d(x) = x}. We have the following :

(1) For any a € L, for the the principal derivation d, we have
Fixq, (L) = (a].

(2) If dis contractive, then Fix4(L) is A-closed and
Fixq(£) = Im(d).

(3) If L is bounded distributive hyperlattice and d is a

strong-joinitive derivation on L, then Fix4(L) is an ideal of
L.
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(1) For any a € L, for the the principal derivation d, we have
Fixq, (L) = (a].

(2) If dis contractive, then Fix4(L) is A-closed and
Fixq(£) = Im(d).

(3) If L is bounded distributive hyperlattice and d is a

strong-joinitive derivation on L, then Fix4(L) is an ideal of
L.

(4) Let I be a prime ideal of L. Then, there exist a derivation d
on L such that Fixg(L) = I.
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Fixed of Derivations on Hyperlattices

Let d be a derivation on a hyperlattice £. We denote by Fix4(L)

the set of all elements of L fixed by d, i.e.,

Fixq(L) := {x € L|d(x) = x}. We have the following :

(1) For any a € L, for the the principal derivation d,, we have
Fixq, (L) = (a].

(2) If d is contractive, then Fixg4(L) is A-closed and

(3) If L is bounded distributive hyperlattice and d is a

strong-joinitive derivation on L, then Fix4(L) is an ideal of
L.

(4) Let I be a prime ideal of L. Then, there exist a derivation d

on L such that Fixg4(L) = I.
Consider for any a € |, the map d : L — L such that for all
xel d(x)= {

x, xel

xna, xelL—1
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Conclusion

In this work, we have redefined the notion of derivations on
hyperlattices, investigated their properties and studied the
relation between isotone, joinitive and contractive derivations.
We have also investigated the algebraic structure of the set of
principal derivations.

we discuss the relationship between prime ideals and
derivations in hyperlattice.

As futur work, we will look if its possible to characterize the
distributivity by derivation as it was done by Ferrari [2]
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