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Affine Sierpinski space

Sierpinski space and object

@ The notion of Sierpinski space S = ({0,1},{@,{1},{0,1}})
plays an important role in general topology, e.g., a topological
space is Ty iff it can be embedded into some power of S.

o E. G. Manes introduced the concept of Sierpinski object in cat-
egories of structured sets and structure-preserving maps, and
characterized the category of topological spaces among such
categories in terms of the Sierpinski object.

@ There exists a characterization of the category of fuzzy topo-
logical spaces in terms of the Sierpinski object of E. G. Manes.
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Affine Sierpinski space

Affine topology

@ There exists an affine approach to lattice-valued topology, in-
spired by the notion of affine set of Y. Diers.

@ While lattice-valued topology replaces the two-element Boolean
algebra with some lattice-theoretic structure (e.g., a quantale),
affine topology uses an algebra from an arbitrary variety.

e Composite affine spaces provide an analogue of bitopological
spaces of J. C. Kelly (sets with two topologies), i.e., these are
the spaces, which have a set-indexed family of affine topologies.
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Affine Sierpinski space

Composite affine Sierpinski space

@ Recently, R. Noor et al. gave a characterization of Sierpinski
object in the category of affine bitopological spaces.

@ We describe Sierpinski object in the category of composite
affine spaces: we construct a functor from the category of affine
spaces to that of composite affine spaces, and show a simple
condition, under which this functor preserves Sierpinski objects.

@ We therefore provide a convenient method to obtain a com-
posite affine Sierpinski space, given an affine Sierpinski space,
getting, in particular, the Sierpinski object of R. Noor et al.
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Algebraic preliminaries

Q2-algebras and 2-homomorphisms

Definition 1

Let Q = (n))xen be a family of cardinal numbers, which is indexed
by a (possibly proper or empty) class A.

@ An Q-algebra is a pair (A, (wf)Ae/\), comprising a set A and a
A

family of maps A™ A (nx-ary primitive operations on A).

e An Q-homomorphism (Al,(wfl))\e/\) 2 (Az,(wf2))\€/\) is a

map Az 2y A, such that Yo wfl = wa o @™ for every A € A.

e Alg(Q) is the construct of Q-algebras and Q-homomorphisms.
v

Forgetful functors of concrete categories will be denoted | — |.
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Algebraic preliminaries

Varieties and algebras

Definition 2

Let M (resp. &) be the class of Q-homomorphisms with injective
(resp. surjective) underlying maps. A variety of Q-algebras is a
full subcategory of Alg(£2), which is closed under the formation of
products, M-subobjects and £-quotients, and whose objects (resp.
morphisms) are called algebras (resp. homomorphisms).

@ CSLat(\/) is the variety of \/-semilattices.

@ (U)SQuant is the variety of (unital) semi-quantales.
© Frm is the variety of frames.

@ CBAIg is the variety of complete Boolean algebras.

© CL is the variety of closure lattices.




Affine spaces
®00

Affine spaces

Affine spaces

From now on, A stands for an arbitrary variety of algebras.

Definition 4

Given a functor X AP AfSpc(T) denotes the concrete category
over X, whose

objects (T-affine spaces or T-spaces) are pairs (X, 7), where X is
an X-object and 7 is a subalgebra of TX;

morphisms ( T-affine morphisms or T-morphisms) (Xi,71) IR
(X2, 72) are X-morphisms X £ Xo with the property that
(TF)P(a) € 11 for every a € 7.

v
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Affine spaces

Examples of the functor T

Proposition 5

Every subcategory S of A°P provides a functor Set x s s AP,

which is given by Ps((X1, A1) 2 (Xp, Ag)) = A M A%
(Ps(f,9))%P(a) = pPoaof.

v

@ A subcategory S = {A BN A} provides a functor Set A, per,
PalXy 5 Xo) = A% P25 4% where (Paf)®(a) = ao f.

@ For A=CBAIgand S = {2 N 2}, one gets the contravariant

powerset functor Set L CBAIg®?, given on a map X R Xo

by PXo %5 DX, where (PF)P(S) = {x € X1 | f(x) € S}.
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Affine spaces

Examples of affine spaces

Q If A = Frm, then AfSpc(P,) is the category Top of topological
spaces.

@ AfSpc(P,) is the category Af Set(A) of affine sets of Y. Diers.

@ If A = USQuant or A = Frm, then AfSpc(Ps) is the cat-
egory S-Top of variable-basis lattice-valued topological spaces
of S. E. Rodabaugh.

Q If A = CL, then AfSpc(P;) is the category Cls of closure
spaces of D. Aerts et al.
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Composite affine spaces

Definition of the functor T,

Definition 8

Let X 5 A% be a functor, and let | be a non-empty set. Then

T L .
X —4 A°! stands for a functor, which is given by the commutative
(for every i € 1) triangle

X

T T

AP AP

i
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Composite affine spaces

Composite affine spaces

Definition 9

Given a functor X % A%, CAfSpc(T;) denotes the concrete
category over X, whose

objects (composite T-affine spaces or composite T-spaces) are pairs
(X, (7i)ier), where X is an X-object and 7; is a subalgebra of TX
for every i € I;

morphisms (composite T-affine morphisms or composite T-mor-
phisms) (X, (7i)ier) IR (Y, (oi)ier) are X-morphisms X L5 ¥ such
that for every i € I, (Tf)°P(a) € 7; for every a € o;.

v
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Composite affine spaces

Examples of composite affine spaces

Example 10

@ If A=Frmand | = {1,2}, then CAfSpc(Py,) is the category
BiTop of bitopological spaces of J. C. Kelly.

Q@ If A = USQuant and / = {1,2}, then CAfSpc(Ppa,) is
the category A-BiTop of lattice-valued bitopological spaces of
S. E. Rodabaugh.

Q If I = {1,2}, then CAfSpc(Pa,) is the category of A-
bitopological spaces of R. Noor et al.
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Properties of the category of composite affine spaces

Initial sources and topological categories

Definition 11

: fi .
Given a concrete category C over X, a source (C = Cj)ics in C
is initial provided that an X-morphism |B| LN |C| is a C-morphism

. fiof . 5
whenever each composite |B| — |C;| is a C-morphism.

The concrete category (CAfSpc(Ty),| —|) is topological over X.

The category CAfSpc(T;) has (co)products provided that X does.
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From affine spaces to composite affine spaces and back

From affine spaces to composite affine spaces

Proposition 14

There exists a functor AfSpc(T) LN CAfSpc(T;), F((X,7) LR

(Y,O’)) = (XI,(T,');G/) f—l> (YI,(O','),'G[), where (XI,T,') l> (X,T)
is an initial morphism in AfSpc(T) for every i € I.

Proposition 15

AfSpc(T) £ caf Spc(T)) preserves initial sources.

Proposition 16

AfSpc(Pa) £, caf Spc(Pay) is a non-concrete embedding.
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From affine spaces to composite affine spaces and back

From composite affine spaces to affine spaces

From now on, assume that the category X has (co)products.

Proposition 17

There exists a functor CAfSpc(T;) = AfSpc(T), which is given
1

X,7) B 1L (Y, o0).

s,
by G((X, (m)ier) = (Y, (01)ier) = e

i€l
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Relationships between the functors F and G

A specific morphism 7

Remark 18

There exists an X-morphism X - (! X)!, which is given by commu-
tativity (for every i € |) of the following diagram:

X

Proposition 19

(X, (1)ie1) = FG(X, (1i)ier) is a CAfSpc(T;)-morphism.
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Relationships between the functors F and G

Properties of the morphism 7

Assumption 20

Given an X-object X and a set |, form a coproduct (X £5 'X)ic;

yop
in X and get a source (T('X) W) TX)ies in A. Suppose a

family (7;);e; of subalgebras of TX is given. Assume the following:
for every ig € | and every a € T, there is v € T('X) such that
(Tui,)P(v) = « and, for every i € | with i # iy, (Tui)?(y) € 7;.

Proposition 21

Set Pa, A% satisfies Assumption 20 if A has nullary operations.

The powerset functor Set Ll CBAIg®” satisfies Assumption 20.
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Relationships between the functors F and G

Relationships between the functors F and G

There is an adjoint situation G 4 F : AfSpc(T) — CAfSpc(T;).

Proposition 24

If Assumption 20 holds, then the category AfSpc(Pa) is (non-
concretely) isomorphic to an (initially) reflective subcategory of the
category CAfSpc(Pa;), in which “initially” means that every re-
flection arrow is an initial morphism.




Sierpinski object
®00

Sierpinski object for composite affine spaces

Affine Sierpinski space

Definition 25

In a concrete category C, a C-object S is a Sierpinski object provided
that for every C-object C, the hom-set C(C, S) is an initial source.

v

Example 26

@ In the category AfSpc(Pa), Sierpinski object (or Sierpinski
(A-)affine space) is the pair S = (|Al],(14)), where (14) is the
subalgebra of A4l which is generated by the identity map 14.

@ In the category Top, Sierpinski object is the standard Sierpinski

space S = ({0,1},{2,{1},{0,1}}).

v
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Sierpinski object for composite affine spaces

Composite affine Sierpinski space

Suppose Assumption 20 holds. If S is a Sierpinski object in
AfSpc(T), then FS is a Sierpinski object in CAf Spc(Ty).

To construct a Sierpinski object in the category CAf Spc(T), apply
the functor F to a Sierpinski object in the category AfSpc(T),
which is usually well-known in each concrete case.
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Sierpinski object for composite affine spaces

An example of composite affine Sierpinski space

In the following, suppose that Assumption 20 holds.

Example 28

o S =(|A],(1a)) is a Sierpinski object in AfSpc(Pa).
o FS = (Al,(7))je1) is a Sierpinski object in CAfSpc(Pa).

T

o For every i € I, (Al,7;) =5 (A, (14)) is an initial mor-
phism in AfSpc(Pa), and, therefore, 7, = (Pam;)?((14)) =
((Pami)*P1a)) = (1a 0 mi) = (mi).

@ A Sierpinski object in the category CAfSpc(Pa,) is therefore
FS = (Al ({m))ies), which is the form of Sierpinski object
considered for affine bitopological spaces by R. Noor et al.

@ In the category BiTop, Sierpinski object is the space Sg =
(2 X 27 {@, {(17 0)7 (1’ 1)}7 2% 2}a {Qa {(07 1)a (17 1)}7 2 x 2})
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Conclusion

Final remarks

@ Motivated by the study of R. Noor et al., which provided a
characterization of Sierpinski object in the category of affine
analogues of bitopological spaces of J. C. Kelly, we described
Sierpinski object in the category of composite affine spaces.

@ We have got a functor from the category of affine spaces to that
of composite affine spaces, which preserves Sierpinski object.

@ Instead of constructing Sierpinski object in the category of affine
bitopological spaces from scratch, just apply our functor to the
already available Sierpinski object for affine topological spaces.

Problem 29
Provide an analogous result for the case of composite affine systems.
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Thank you for your attention!
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