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T e
A question

Question
Given a congruence « of a finite algebra A, is it decidable if « is
supernilpotent, i.e. 3k € N: [a,...,a] =07
——
k+1
Note

@ There is no a priori bound on the supernilpotence class k of a.

@ For « the total congruence on A and mild assumptions,
supernilpotence can be decided.
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Introduction Deciding supernilpotence

Theorem (Hobby, McKenzie '88, Kearnes '99, Aichinger, Mudrinski 2010)

For a finite algebra A of finite signature in a variety omitting type 1 TFAE:

@ A is supernilpotent.
@ A is a direct product of nilpotent algebras of prime power order.

Can we relativize this structural result from A to a?
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Introduction Goal

Making congruences into algebras

Goal

For a € Con(A) with A/« finite, build an algebra A% such that:
o Con(AY%) is isomorphic to the interval {3 € Con(A) | 8 < a}.
@ This isomorphism preserves (higher) commutators and TCT-types.
o AY has finite signature if A has finite signature.

o A% inherits idempotent Mal'cev conditions from A.

Note

Then « is supernilpotent iff A® is supernilpotent.
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Introduction History

This construction is not new

Elements of the following construction appear, e.g. in

@ heterogeneous algebras (Novotny 1982)
making many-sorted algebras one-sorted (Gardner 1989)
modules from abelian congruences (Freese, McKenzie 1987)
wreath decomposition of algebras (VanderWerf 1994)
matrix powers (McKenzie 1996)

homogenization of multisorted algebras (Muc¢ka, Romanowska, Smith
2013)
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Construction

1. Construction
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Construction The universe

Fix throughout:
@ F a signature without nullary symbols,
o [m :={1,...,m},
e |:=([m],F) a finite F-algebra.

Definition
For an F-algebra A with onto homomorphism x: A — |, define an algebra

A X) = (xT1) x - xx " (m), )

with
e universe A% the product of congruence classes Y ~1(i) of the kernel of
X
o signature F; := {f;| f € F,i c [mP"®()} U {d}.
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Write elements in A® = x71(1) x --- x x~}(m) as columns.

e d € Fy is the m-ary diagonal operation

(1) (1) (1)
Xl Xm Xl
. Cym ¢
d: (A%)" — A%, seeey | =
(m) (m) m
N N o
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Recall: Write elements in A® = xy71(1) x - x x~!(m) as columns.
o For k-ary f € F and i = (i,...,ix) € [m]¥

fii (A — A®

is the restriction of f to x " (i1) x --- x x 1(ix) — x"1(f(i)) padded
with projections:

T T N [
x4 NUORY
f; ) 9 ) - f X:Eil),...,X(lk))
Xl(ll) ' X{f(i)Jrl)
| e |
AL I Y A AR /A R O
Or: f; is the k-ary first projection with f(x{il)7 . ../x,Eik)) in entry (/).
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Note

e A and €(A, x) have different signatures F and Fj, respectively.

e Eg., for A= (A,-) a semigroup, x: A — | with |/| = m:
@(A, x) is not a semigroup but has m? binary operations -; and an
m-ary diagonal operation.

e E.g. for A a group, €(A, x) encodes ker x but is not a normal
subgroup of A.
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The diagonal operation
What can d do for you (1)7

Fi-terms are products of F-terms restricted to ker y-classes.

Lemma

T is a k-ary term function of €(A, x) iff 3mk-ary term functions
t@ . (M of A such that

EE
A I =i
m.. m
and
Xl(l) x‘((l) tM(Xx)
T N IR = :
() x{m £m(X)
=X
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Functor €
What can d do for you (2)7

Lemma
The functor € is an isomorphism
@ from the category of F-algebras A with onto homomorphism
x: A—1
@ to the category of Fy-algebras satisfying the obvious identities
between d and f;.

Proof.
For an Fj-algebra B, d yields a product decomposition

B=ZB; x---x B

and an F-algebra A with universe By U --- U B, such that
¢(A,x) =B. O

v

Algebras from congruences AAA 100, Krakow, February 7, 2021 13/



Properties of €

2. Properties of €
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Morphisms

Lemma

Let x: A—land &: B — 1. Then

C{p: A= B x=¢pr — {€(A x) — €(B,)},
o = ¢

x( o(xM)
with (| : ]) = ; is a bijection.
S (m) o(x(m)
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Sl
Subalgebras

Lemma
Let x: A — L. Then

C{B<A|x(B)=1} — S(¢A,x)),
B — ¢(B,xlg),

is a V-semilattice isomorphism.

Note x(Bi), x(B2) # () does not imply x(B1 N By) # 0 in general.
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Products

Lemma

For j € J, let x;: A; — | and consider the fiber product
|
[[A ={ac][AjlTicimVict: x(a) =i}
= jed

Then

|
S(ITALTTx) =TT e x)-

jed JjeJ Jjed
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Properties of € Congruences

Congruences

Lemma
Let x: A —I. Then

¢: {a € Con(A)|a <kerx} — Con(€(A,x)),
a = at

() y@
with l : ] a® | o | if xXDay() for all i € [m] is a lattice isomorphism.

Lemma

For a < ker y,
C(A/a, x/a) = (A, x)/a®.

Algebras from congruences AAA 100, Krakow, February 7, 2021

18/



Properties of € Congruences

Commutators
Lemma
Let x: A—land ag,...,ar < kery. Then
[, ..., o]t = [af, ..., ). )
Proof.
Uses the definition of (higher) commutators via subpowers
Ma(a, ..., ax) < A2 O
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Properties of ¢ EAVEISELES

Varieties

Lemma
Let V be a variety of F-algebras. Then

VE =T(C(A,x) |A e V,x: A1)

is a variety of Fj-algebras.

Proof.

V¢ inherits closure under HSP from V by the previous observations. O
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Properties of ¢ EAVEISELES

Free algebras

Lemma
For X # 0,
Free,¢(X) = €(Freey (X x [m]), proj, ).
Proof.
Check the universal property in V<. O
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Properties of ¢ EAVEISELES

Terms

Corollary

Up to equivalence k-ary Fi-terms T of V¢ are of the form

XY x) t0(X)
T e =
X A ™ (X)
=X

for mk-ary F-terms t() ... t(M of V/ such that

1.1
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Properties of ¢ EAVEISELES

Idempotent Mal'cev conditions

Corollary

V¢ inherits every idempotent Mal'cev condition from V.

Proof.
t(Xl,...,Xk)i—>t e

is a clone homomorphism between idempotent terms of V' and idempotent
terms of V<. Ol

v

Note

V¢ may satisfy more Mal'cev conditions than V.
E.g. if V(A) is congruence modular and x: A — | has abelian kernel,
then V(&(A, x)) is congruence permutable (cf. Freese, McKenzie 1987).

v
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B
TCT-types

Lemma

Let x: A — land a < 8 < ker .
Then the TCT-type of 3/a in A is the same as that of 3%/a% in €(A, ).

Proof.

Like term functions, polynomial functions on €(A, ) are assembled from
restrictions of polynomial functions on A to ker y-classes. O

v
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Properties of ¢ EAVEISELES

Finiteness conditions

Corollary
Let x: A — I,A% := &(A, x) and o < ker . Then

o A, «a,Clo(A), respectively, are finitely generated iff A%, a%, Clo(A%)
are.

e A is residually finite iff A% is.
o A is finitely presented in V iff A% is finitely presented in V<.
e V is locally finite iff V¢ is.
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B
What is not preserved by €7?

@ signature F
@ non-idempotent Mal'cev conditions

o finite equational basis (?)
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Properties of ¢ EAVEISELES

Applications
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Applications Supernilpotence

1. Supernilpotence

Theorem (M, Szendrei 2019, Idziak, Kawatek, Kraczkowski 2020)

For a congruence « of a finite algebra A of finite signature in a variety
omitting type 1 TFAE:

@ « is supernilpotent.

@ (A, x) for the natural projection x: A — A/« is supernilpotent.
© « is nilpotent, and 3/1,..., B¢ < «a such that Vi < ¢:
e I prime p;: every a/f;-block in A/S; has p;-power size,

o (BiN---APBic1)oBi=Bio(BiN---NBi—1) =«
° ﬂl/\”'/\ﬁz:OA.

Note
Condition 3 is clearly decidable.

Algebras from congruences AAA 100, Krakow, February 7, 2021

28



2. Subpower membership

Let K be a finite set of finite algebras of finite signature.

SMP(K)

Input: a1,...,ak, b €[] A; with A; € K

Question: Is b in the algebra generated by ay, ..., ax?
Note

e SMP(K) is in ExpTime.
@ There exist K with SMP ExpTime-complete (Kozik 2008),
PSpace- or NP-complete (Bulatov, Kozik, M, Steind| 2016).
e SMP(K) for K with cube term is in NP (Bulatov, M, Szendrei 2019).

V.
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SMP for algebras with cube term

It suffices to solve SMP for sets of S| algebras with central monoliths.

Theorem (M, Szendrei 2019)
Let K be a finite set of algebras in a variety V with cube term.
Then SMP(K) is polytime reducible to SMP(KY), ..., SMP(K}) where
@ Ki,..., Ky are the similarity classes of the Sl algebras with abelian
monoliths in HS(K),
° KF is the set of algebras from centralizers of monoliths of A € K;

(a set of Sls with central monoliths in a variety V' with cube term).
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Reduction lemmas

Lemma (Bulatov, M, Szendrei, 2019)

SMP(K) above reduces to membership problems for A <.q A; X --- x A,
where for all j # j:

e A; € HS(K) is SI with abelian monolith p;,
o A; A are similar, A;/(0: p;) = A;/(0: 1),
o proj;(A)/(0: ui) x (0 : p;) is the graph of an isomorphism.

Proof.

Uses critical relations (Kearnes, Szendrei, 2012). O

Lemma (M, Szendrei, 2019)

Membership for A as above reduces to membership for
A% <4 Af x --- x A% where A is the algebra from (0 : y;) in A;.

v
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Corollary (M, Szendrei 2019)
Let K be a finite set of algebras in a variety with cube term such that

every SI A € HS(K) has a monolith with supernilpotent centralizer.
Then SMP(K) is in P.

Proof.

e SMP(K) reduces to several SMPs for supernilpotent algebras by the
previous Theorem.

@ The latter are in P (M, 2012).
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Applications Relations for clones

3. Polynomial clones

Theorem (Aichinger, M, McKenzie, 2014)

For every finite algebra A with cube term there exists a subpower
(invariant relation) R of A such that

Clo(A) = Pol(R).

Question

How to find R from A? Proof is not constructive.

Algebras from congruences AAA 100, Krakow, February 7, 2021

33/



Applications Relations for clones

Reducing to Sls with central monolith again

Let P(A) denote the clone of polynomial functions on A.

Theorem (M, 2021)

Let A be a finite Mal'cev algebra.
For each SI B € H(A) with monolith p:
o Let B be the algebra from the centralizer(0 : p1).

(Sl Mal’cev with central monolith)
o Assume P(B%) = Pol(Rg) for some subpower Rg of B.
Then

P(A) = Pol(Con(A)U{Rg | B € H(A) is SI}).
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Applications Relations for clones

Reference
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